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DESCENT FOR ALGEBRAIC COBORDISM
JOSE´ LUIS GONZA´LEZ AND KALLE KARU
ABSTRACT. We prove the exactness of a descent sequence relating the algebraic cobordism
groups of a scheme and its envelopes. Analogous sequences for Chow groups and K-theory
were previously proved by Gillet.
1. INTRODUCTION
We work in the category Schk of separated finite type schemes over a field k of charac-
teristic zero. Recall that a proper morphism of schemes pi : X˜ → X is an envelope if for
every subvariety V ⊂ X, there exists a subvariety V˜ ⊂ X˜, such that pimaps V˜ birationally
onto V .
Gillet in [4] proved that if pi : X˜→ X is an envelope, with pi projective, then the following
sequence is exact:
(1.1) A∗(X˜×X X˜)
p1∗−p2∗−−−−−→ A∗(X˜) pi∗−→ A∗(X) −→ 0.
Here A∗ is either the Chow theory or the K-theory of coherent sheaves, pi : X˜ ×X X˜ → X˜
are the two projections and pi∗, pi∗ are the push-forward maps in either theory. The goal
of this article is to prove the exactness of the analogous sequence in the cobordism theory
Ω∗ defined by Levine and Morel [10].
Theorem 1.1. Let pi : X˜→ X be an envelope, with pi projective. Then the sequence
Ω∗(X˜×X X˜)
p1∗−p2∗−−−−−→ Ω∗(X˜) pi∗−→ Ω∗(X) −→ 0
is exact.
This theorem has several applications. We mention here two of them. The first appli-
cation is in the relationship between algebraic cobordism Ω∗(X) and algebraic K-theory
G0(X) (the Grothendieck group of the category of coherent sheaves on X). Levine and
Morel in [10] constructed a natural morphism
Ω∗(X)⊗L Z[β, β
−1] −→ G0(X)[β, β−1],
and proved it to be an isomorphism for smooth X. Dai in [2] extended this isomorphism to
all schemes X that can be embedded in a smooth scheme; this includes all quasiprojective
schemes X. In [6] we build on Dai’s work to prove this isomorphism for all schemes X in
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Schk. Since every scheme X admits a quasiprojective envelope, Theorem 1.1 implies that
the cobordism theory Ω∗ as a functor on Schk is determined by its restriction to the full
subcategory of quasiprojective schemes. A similar statement for G0 proved by Gillet [4]
then reduces the problem to the case proved by Dai.
The second application of Theorem 1.1 is in the study of operational bivariant theories
of Fulton and MacPherson [3]. Kimura in [8] used the exact sequence (1.1) to give an
inductive method for finding the operational Chow groups of singular varieties from the
Chow groups of smooth varieties. His proof can be generalized to algebraic cobordism
and other homology theories. In [5] we study the operational bivariant theories associated
to certain homology theories that have the exact descent sequence. As a special case, we
describe the operational equivariant cobordism theory of toric varieties. This result is
based on previous work by Payne [12] and Krishna and Uma [9].
2. AN OVERVIEW OF ALGEBRAIC COBORDISM THEORY
Algebraic cobordism theory was defined by Levine and Morel in [10]. Later, Levine
and Pandharipande [11] found a simpler presentation of the cobordism groups. We will
use the construction of Levine-Pandharipande as the definition, but refer to Levine-Morel
for its properties.
Let Smk be the full subcategory of Schkwhose objects are smooth quasiprojective schemes
over Spec k. By a smooth morphism we always mean a smooth and quasiprojective mor-
phism.
For X in Schk, let M(X) be the set of isomorphism classes of projective morphisms
f : Y → X for Y ∈ Smk. This set is a monoid under disjoint union of the domains; let
M+(X) be its group completion. The elements of M+(X) are called cycles. The class of
f : Y → X inM+(X) is denoted by [f : Y → X]. The groupM+(X) is free abelian, generated
by the cycles [f : Y → X] where Y is irreducible.
A double point degeneration is a morphism pi : Y → P1, with Y ∈ Smk of pure dimen-
sion, such that Y
∞
= pi−1(∞) is a smooth divisor on Y and Y0 = pi−1(0) is a union A ∪ B of
smooth divisors intersecting transversely along D = A ∩ B. Define PD = P(OD(A)⊕OD),
where OD(A) stands for OY(A)|D. (Notice that P(OD(A)⊕OD) ∼= P(OD(B)⊕OD) because
OD(A+ B) ∼= OD.)
Let X ∈ Schk and let Y ∈ Smk have pure dimension. Let p1, p2 be the two projections of
X× P1. A double point relation is defined by a projective morphism pi : Y → X× P1, such
that p2 ◦ pi : Y → P1 is a double point degeneration. Let
[Y
∞
→ X], [A→ X], [B→ X], [PD → X]
be the cycles obtained by composing with p1. The double point relation is
[Y
∞
→ X] − [A→ X] − [B→ X] + [PD → X] ∈M+(X).
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Let R(X) be the subgroup of M+(X) generated by all the double point relations. The
cobordism group of X is defined to be
Ω∗(X) =M
+(X)/R(X).
The group M+(X) is graded so that [f : Y → X] lies in degree dimY when Y has pure
dimension. Since double point relations are homogeneous, this grading gives a grading
onΩ∗(X). We writeΩn(X) for the degree n part ofΩ∗(X).
There is a functorial push-forward homomorphism f∗ : Ω∗(X) → Ω∗(Z) for f : X → Z
projective, and a functorial pull-back homomorphism g∗ : Ω∗(Z)→ Ω∗+d(X) for g : X→ Z
a smooth morphism of relative dimension d. These homomorphisms are both defined on
the cycle level. Levine and Morel also construct pull-backs along l.c.i. morphisms and,
more generally, refined l.c.i. pullbacks. We will not need these pullbacks below.
The cobordism theory has exterior products
Ω∗(X)×Ω∗(W) −→ Ω∗(X×W),
defined on the cycle level:
[Y → X]× [Z→W] = [Y × Z→ X×W].
These exterior products turnΩ∗(Speck) into a graded ring andΩ∗(X) into a graded mod-
ule overΩ∗(Speck). When X is in Smk, we denote by 1X the class [idX : X→ X].
2.1. First Chern Class Operators. Algebraic cobordism is endowedwith first Chern class
operators
c˜1(L) : Ω∗(X)→ Ω∗−1(X),
associated to any line bundle L on X. This operator is also denoted by c˜1(L), where L is
the invertible sheaf of sections of L. We recall some properties of these operators that are
needed below.
A formal group law on a commutative ring R is a power series FR(u, v) ∈ RJu, vK satis-
fying
(a) FR(u, 0) = FR(0, u) = u,
(b) FR(u, v) = FR(v, u),
(c) FR(FR(u, v), w) = FR(u, FR(v,w)).
Thus
FR(u, v) = u+ v+
∑
i,j>0
ai,ju
ivj,
where ai,j ∈ R satisfy ai,j = aj,i and some additional relations coming from property (c).
We think of FR as giving a formal addition
u+FR v = FR(u, v).
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There exists a unique power series χ(u) ∈ RJuK such that FR(u, χ(u)) = 0. Denote
[−1]FRu = χ(u). Composing FR and χ, we can form linear combinations
[n1]FRu1 +FR [n2]FRu2 +FR · · ·+FR [nr]FRur ∈ RJu1, . . . , urK
for ni ∈ Z and ui variables.
There exists a universal formal group law FL, and its coefficient ring L is called the
Lazard ring. This ring can be constructed as the quotient of the polynomial ring Z[Ai,j]i,j>0
by the relations imposed by the three axioms above. The images of the variables Ai,j in
the quotient ring are the coefficients ai,j of the formal group law FL. The ring L is graded,
with Ai,j having degree i+ j−1. The power series FL(u, v) is then homogeneous of degree
−1 if u and v both have degree −1.
It is shown in [10] that the graded group Ω∗(Spec k) is isomorphic to L. The formal
group law on L describes the first Chern class operators of tensor products of line bundles
(property (FGL) below).
We list three properties satisfied by the first Chern class operators c˜1(L) : Ω∗(Y) →
Ω∗−1(Y) for Y ∈ Smk and L a line bundle on Y:
(Dim) For L1, . . . , Lr line bundles on Y, r > dim Y,
c˜1(L1) ◦ · · · ◦ c˜1(Lr)(1Y) = 0.
(Sect) If L is a line bundle on Y and s ∈ H0(Y, L) is a section such that the zero subscheme
i : Z →֒ Y of s is smooth, then
c˜1(L)(1Y) = i∗(1Z).
(FGL) For two line bundles L andM on Y,
c˜1(L⊗M)(1Y) = FL(c˜1(L), c˜1(M))(1Y).
In the terminology of [10, 11] the three properties imply that Ω∗ is an oriented Borel-
Moore functor of geometric type.
The first Chern class operators of two line bundles commute: c˜1(L) ◦ c˜1(M) = c˜1(M) ◦
c˜1(L), and they are compatible with smooth (l.c.i.) pull-backs, projective push-forwards
and exterior products. The property (Sect) above implies that if L is a trivial line bundle
on X, then the first Chern class operator of L is zero.
2.2. Divisor Classes. Recall that a divisor D on a smooth scheme Y ∈ Schk has strict
normal crossings (s.n.c.) if at every point p ∈ Y there exists a system of regular parameters
y1, . . . , yn, such thatD is defined by the equation y
m1
1 · · ·y
mn
n = 0 near p for some integers
m1, . . . ,mn.
LetD =
∑r
i=1 niDi be a nonzero s.n.c. divisor on a scheme Y ∈ Smk, withDi irreducible.
Let us recall the construction by Levine and Morel [10] of the class [D→ |D|] ∈ Ω∗(|D|).
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Let
Fn1,...,nr(u1, . . . , ur) = [n1]FLu1 +FL [n2]FLu2 +FL · · ·+FL [nr]FLur ∈ LJu1, . . . , urK.
We decompose this power series as
Fn1,...,nr(u1, . . . , ur) =
∑
J
Fn1,...,nrJ (u1, . . . , ur)
∏
i∈J
ui,
where the sum runs over nonempty subsets J ⊂ {1, . . . , r}. The power series Fn1,...,nrJ are
such that ui does not divide any nonzero term in F
n1,...,nr
J if i /∈ J.
For i = 1, . . . , r, let Li = OY(Di). If J ⊂ {1, . . . , r}, let i
J : DJ = ∩i∈JDi →֒ |D|, and
LJi = Li|DJ . The class [D→ |D|] is defined in [10] as
(2.1) [D→ |D|] =
∑
J
iJ∗F
n1,...,nr
J (L
J
1, . . . , L
J
r)(1DJ),
where the sum runs over nonempty subsets J ⊂ {1, . . . , r} and Fn1,...,nrJ (L
J
1, . . . , L
J
r) is the
power series Fn1,...,nrJ evaluated on the first Chern classes of L
J
1, . . . , L
J
r.
When pushed forward to Y, the class [D → |D|] becomes equal to c˜1(O(D))(1Y). To see
this, compute,
c˜1(O(D))(1Y) = F
n1,...,nr(L1, . . . , Lr)(1Y)
=
∑
J
Fn1,...,nrJ (L1, . . . , Lr)
∏
i∈J
c˜1(Li)(1Y).
Applying the property (Sect) repeatedly, we get
∏
i∈J
c˜1(Li)(1Y) = [D
J →֒ Y].
Compatibility of first Chern class operators with pull-backs of line bundles then gives the
desired divisor class formula pushed forward to Y.
We note that in the definition of divisor classes it is not necessary to assume that Di
are irreducible. We may let them be smooth but possibly reducible divisors and then the
same formula holds.
2.3. A Pair of Smooth Divisors. LetA andB be smooth divisors on Y ∈ Smk that intersect
transversely along D = A ∩ B. Consider
[A+ B→ |A ∪ B|] = [A→ A ∪ B] + [B→ A ∪ B] + i∗F1,1{1,2}(OD(A),OD(B))(1D),
where i : D →֒ |A ∪ B| and OD(A),OD(B) stand for OY(A)|D,OY(B)|D. Let
PD = P(OD(A)⊕OD).
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Lemma 2.1. With notation as above, let OY(A+ B + C)|D = OD for some divisor C on Y. Then
F1,1{1,2}(OD(A),OD(B))(1D) = −[PD → D] + β,
where
β =
∑
i,j≥0,l>0
bijl c˜1(OD(A))
i c˜1(OD(B))
j c˜1(OD(C))
l(1D),
for some universally defined bijl ∈ L that do not depend on Y,A, B, C.
Proof. It is shown in the proof of [11, Lemma 9] that
−[PD → D] = F1,1{1,2}(OD(A),OD(−A))(1D).
Substituting OD(B+ C) = OD(−A), we get
−[PD → D] = F1,1{1,2}(OD(A),OD(B+ C))(1D)
=
∑
i,j>0
aij c˜1(OD(A))
i−1 c˜1(OD(B+ C))
j−1(1D),
with aij the coefficients in the formal group law of L. To compute c˜1(OD(B+C)), we apply
the formal group law again:
c˜1(OD(B+ C)) = c˜1(OD(B)) + c˜1(OD(C)) +
∑
i,j>0
aij c˜1(OD(B))
i c˜1(OD(C))
j.
Now substituting this into the expression of −[PD → D], the terms that involve only
c˜1(OD(A)) and c˜1(OD(B)) give F
1,1
{1,2}(OD(A),OD(B))(1D), the remaining terms give the
class −β. 
3. PROOF OF THE MAIN THEOREM
We will now prove Theorem 1.1. Let us start with some notation. Recall that
Ω∗(X) =M
+(X)/R(X),
whereM+(X) is the group of cycles and R(X) is the subgroup of relations, generated by
double point relations. We identify Ω∗(Speck) with the Lazard ring L. ThenΩ∗(X) is an
L-module.
Composition with pi gives the push-forward map pi∗ : M
+(X˜) →M+(X), taking R(X˜)
to R(X). The induced mapΩ∗(X˜)→ Ω∗(X) is also denoted pi∗. Define
Ω∗(X)pi = pi∗M
+(X˜)/pi∗R(X˜).
If Kpi = Ker(pi∗ :M
+(X˜)→M+(X)), then
(3.1) Ω∗(X)pi ∼=M
+(X˜)/(R(X˜) + Kpi).
There are natural maps of L-modules that factor pi∗ as
Ω∗(X˜)
φ
−→ Ω∗(X)pi ψ−→ Ω∗(X).
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The map φ is surjective by (3.1). We claim that ψ is also surjective. For every subvariety
Y ⊂ X, choose a resolution of singularities given by a projective birational morphism
Y˜ → Y. Then the cycles [Y˜ → X] generate Ω∗(X) as an L-module [10]. We can choose the
resolutions so that Y˜ → X factor through pi : X˜→ X, hence these classes lie in pi∗M+(X˜).
The following is the main ingredient for proving Theorem 1.1.
Proposition 3.1. The map ψ : Ω∗(X)pi → Ω∗(X) is an isomorphism.
Proof of Theorem 1.1. Let us assume Proposition 3.1 and prove Theorem 1.1. Clearly
the sequence is a complex by functoriality of push-forward. Moreover, pi∗ = ψ ◦ φ is
surjective. We only need to prove exactness in the middle: Kerpi∗ ⊂ Img(p1∗ − p2∗). By
Proposition 3.1, Kerpi∗ = Kerφ, which by (3.1) is the image of Kpi in Ω∗(X˜). Now Kpi is
generated by cycles
[f : Y → X˜] − [g : Y → X˜],
where pi ◦ f = pi ◦ g. These generators lift to cycles
[(f, g) : Y → X˜×X X˜] ∈ Ω∗(X˜×X X˜). 
To prove Proposition 3.1, we follow the argument in [10, Chapter 6] showing that
Ω∗(X)D → Ω∗(X) is an isomorphism. Here Ω∗(X)D is the group defined by cycles and
relations transverse to a divisor D. The proof has two steps:
(1) Define a distinguished liftingM+(X)
d
−→ Ω∗(X)pi, such that the composition
M+(X˜)
pi∗−→M+(X) d−→ Ω∗(X)pi
is the canonical homomorphism.
(2) Show that dmaps R(X) to zero, hence it descends to d : Ω∗(X)→ Ω∗(X)pi, provid-
ing a left inverse to ψ and proving that ψ is injective.
3.1. Elimination of Indeterminacies. We will need to eliminate the indeterminacies of
rational maps Y 99K X˜. We use the following well-known theorem.
Theorem 3.2. (Hironaka [7]) Let Y be a smooth variety, D ⊂ Y a divisor with strict normal
crossings. Let f : Y˜ → Y be a projective birational morphism, U ⊂ Y a nonempty open set such
that f : f−1(U)→ U is an isomorphism. Then there exists a sequence of morphisms
Y = Y1
g1←− Y2 g2←− Y3 ←− . . . gm−1←− Ym,
such that
(1) For each i the map gi is the blowup of Yi along a smooth center Ci, where Ci lies over
YrU and intersects the union of the pull-back of D and the exceptional locus of Yi → Y
normally.
(2) The rational map Ym → Y 99K Y˜ extends to a morphism Ym → Y˜.
8 JOSE´ LUIS GONZA´LEZ AND KALLE KARU
Recall that if Y is smooth andD is an s.n.c. divisor on Y, then a smooth subschemeC ⊂ Y
is said to intersect D normally if at every point p ∈ Y we can choose a regular system of
parameters y1, . . . , yr so that D is defined by y
n1
1 · · ·y
nr
r = 0 for some n1, . . . , nr ∈ Z and
C is defined by vanishing of yi1, . . . , yij for some i1, . . . , ij. If D is an s.n.c. divisor and
C intersects it normally, then the blowup of Y along C is smooth and the pull-back of D
together with the exceptional divisor is again an s.n.c. divisor.
The proof of the above theorem is reduced to the problem of principalizing an ideal
sheaf as follows. One may assume that f : Y˜ → Y is the blowup of a coherent sheaf of
ideals I on Y with co-support in YrU. If the sequence of blowups g : Ym → Y is such that
g∗(I) is principal, then the birational map Ym → Y˜ is a morphism.
We will apply Theorem 3.2 in the following situation.
Corollary 3.3. Let Y be a smooth variety and D an s.n.c. divisor on Y. Let φ : Y → X be a
proper morphism. Since pi : X˜ → X is an envelope, there exists a subvariety Z ⊂ X˜ mapping
birationally onto φ(Y) ⊂ X. Let V ⊂ φ(Y) be a nonempty open subset such that pi|−1Z (V)→ V is
an isomorphism, and let U = φ−1(V) ⊂ Y.
Then there exists a sequence of blowups g : Ym → Y of smooth centers that lie over YrU
and intersect the inverse image of D together with the exceptional locus normally, such that the
composition Ym → Y → X factors through X˜.
Proof. Let Y˜ be the component of Y ×X Z that dominates Y. Since Z → φ(Y) is projective
and birational, the projection f : Y˜ → Y is also projective and birational. Moreover, f is an
isomorphism over U. We may now apply Theorem 3.2. 
The following result can be viewed as an embedded elimination of indeterminacies.
Corollary 3.4. Let W be a smooth variety, D, E be effective divisors on W such that D + E
has s.n.c., and φ : W → X be a proper morphism. Then there exists a birational morphism
g : W˜ → W, obtained by a sequence of blowups of smooth centers that lie over |D| and intersect
the pull-back ofD+E together with the exceptional locus normally, such that for every component
D˜i of the pull-back D˜ = g
∗(D), the composition D˜i → W˜ →W → X factors through X˜→ X.
Proof. Let Di be a component of D. Let D
′ be the divisor D ′ = (D+ E − qDi)|Di , where q
is the coefficient of Di in D + E. We apply Corollary 3.3 to the map Di → X and the s.n.c.
divisor D ′ on Di. The result is a sequence of blowups D˜i → Di so that the composition
D˜i → Di → X factors through X˜. The centers of the blowups all lie over DirU, where
U = φ−1(V) for some nonempty open V ⊂ φ(Di).
Let us now perform the same sequence of blowups onW (blow upW along the same
centers lying in Di and in the strict transforms of Di), to get g : W˜ → W. Then D˜i is iso-
morphic to the strict transform of Di in W˜. Such blowups introduce new components to
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the divisor g∗(D). However, we claim that all these new exceptional components have im-
age in X of smaller dimension than the image ofDi. Indeed, by the choice ofU, the centers
of blowups lie over the closed setφ(Di)rV ⊂ X, and so do the exceptional divisors. Thus,
by induction on the dimension of the image in X, we can resolve the indeterminacies of
all components of (the pull-back of) D. 
3.2. Distinguished Liftings. Let [Y → X] be an element ofM(X), with Y irreducible. We
construct a lifting of this cycle toΩ∗(X)pi.
LetW = Y × P1, D = Y × {0} ⊂ W, and f : W → X be the composition of the projection
to Y and Y → X. We apply Corollary 3.4 to this situation (with E = 0) to find a blowup
g : W˜ →W. Let D˜ = g∗(D) be the pull-back of D, a possibly nonreduced s.n.c. divisor.
Consider the class [D˜ → |D˜|] ∈ Ω∗(|D˜|). Note that any map Z → |D˜| from an irre-
ducible variety Z has image in a component D˜i of D˜. Since D˜i → X factors through
X˜ → X, the composition Z → D˜i → X also factors. Similarly, an irreducible double point
degeneration in |D˜|, when pushed forward to X, factors through X˜. It follows that the
push-forward map Ω∗(|D˜|) → Ω∗(X) factors through Ω∗(X)pi. We define a distinguished
lifting of [Y → X] to be the image of [D˜→ |D˜|] inΩ∗(X)pi. Note that a distinguished lifting
depends on the choice of the blowup W˜ →W, but not on the liftings D˜i → X˜ of D˜i → X.
3.3. Product of Divisor Classes. LetD and E be effective divisors on a schemeW ∈ Smk,
such that D+ E has s.n.c. We define the class
[D • E→ |D| ∩ |E|] ∈ Ω∗(|D| ∩ |E|)
with the property that, when pushed forward toW, it becomes equal to
c˜1(OW(D)) ◦ c˜1(OW(E))(1W).
Let D =
∑
i niDi and E =
∑
i piDi, where Di, i = 1, . . . , r are irreducible divisors. For
i = 1, . . . , r, let Li = OW(Di). If J ⊂ {1, . . . , r} is such that nj 6= 0 and pi 6= 0 for some
i, j ∈ J, let iJ : DJ = ∩i∈JDi →֒ |D| ∩ |E|, and LJi = Li|DJ .
Let the class [D • E→ |D| ∩ |E|] be defined by the formula
∑
I,J
iI∪J∗ F
n1,...,nr
J (L
I∪J
1 , . . . , L
I∪J
r )F
p1,...,pr
I (L
I∪J
1 , . . . , L
I∪J
r )
∏
i∈I∩J
c˜1(L
I∪J
i )(1DI∪J).
Here the sum runs over pairs of nonempty subsets I, J ⊂ {1, . . . , r}, such that nj 6= 0 and
pi 6= 0 for all j ∈ J and i ∈ I. As in the case of divisor classes, it is enough to assume that
the divisors Di are smooth but not necessarily irreducible.
We claim that [D • E → |D| ∩ |E|], when pushed forward to |D|, becomes equal to
c˜1(OW(E)||D|)[D→ |D|]. To see this, we apply c˜1(OW(E)||D|) (which we shorten to c˜1(O(E)))
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to the definition of [D→ |D|]:
c˜1(O(E))[D→ |D|] =
∑
J
iJ∗F
n1,...,nr
J (L
J
1, . . . , L
J
r) c˜1(O(E))(1DJ).
We can now use the same divisor class formula to compute c˜1(O(E))(1DJ):
c˜1(O(E))(1DJ) = F
p1,...,pr(LJ1, . . . , L
J
r)(1DJ)
=
∑
I
Fp1,...,prI (L
J
1, . . . , L
J
r)
∏
i∈I
c˜1(L
J
i)(1DJ).
Applying the property (Sec), we get
∏
i∈I
c˜1(L
J
i)(1DJ) =
∏
i∈I∩J
c˜1(L
J
i)([D
I∪J → DJ]).
Now putting the formulas back together and using the compatibility of the first Chern
class operators with pull-backs proves the claim.
Note that the above definition is symmetric in E andD,
[D • E→ |D| ∩ |E|] = [E •D→ |D| ∩ |E|].
This implies that, when pushed forward to |D| ∪ |E|, the classes c˜1(O(E))[D → |D|] and
c˜1(O(D))[E→ |E|] become equal.
When D is a smooth divisor that does not have common components with E, then
E ′ = E||D| is an s.n.c. divisor on |D| and one has that
[D • E→ |D| ∩ |E|] = [E ′ → |E ′|].
To prove this, let D = D1, E =
∑
i>1 piDi, and let the sum in the definition run over
nonempty subsets J ⊂ {1} and I ⊂ {2, . . . , r}. Since F1,0,...,0J = 1 for J = {1}, the sum
simplifies to the expression defining the divisor class [E ′ → |E ′|].
3.4. Double Cobordisms. Let W be a scheme in Smk, f : W → P1 × P1 a morphism,
D = f∗(P1 × {0}), E = f∗({0}× P1). Assume that D+ E is an s.n.c. divisor onW. Write
D =
∑
i
aiDi +
∑
i
αiFi,
E =
∑
i
biEi +
∑
i
βiFi,
where Fi are the components of D + E lying over (0, 0) ∈ P
1 × P1 and Di, Ei are the other
components of D and E. We may assume that αi, βi > 0.
Lemma 3.5. With notation as above, let D ′ =
∑
i aiDi. Then the classes
[E •D→ |E| ∩ |D|] and [E •D ′ → |E| ∩ |D ′|]
become equal when pushed forward to |E|.
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Proof. Pushed forward to |E|, the class [E •D→ |E| ∩ |D|] becomes equal to
c˜1(O(D))[E→ |E|] = c˜1(O(D ′)⊗O(
∑
i
αiFi))[E→ |E|]
= c˜1(O(D
′))[E→ |E|] + c˜1(O(
∑
i
αiFi))[E→ |E|]
+
∑
j,l≥1
aj,l c˜1(O(D
′))j c˜1(O(
∑
i
αiFi))
l[E→ |E|],
where aj,l ∈ L are the coefficients of the formal group law. The first term in the sum
gives [E •D ′ → |E| ∩ |D ′|] pushed forward to |E|. It suffices to prove that the second term
vanishes, because in that case the third term also vanishes. Now c˜1(O(
∑
i αiFi))[E → |E|]
is the push-forward to |E| of the class [(
∑
i αiFi) • E → |
∑
i αiFi| ∩ |E|]. If we instead push
this class forward to |
∑
i αiFi|, we get c˜1(O(E))[
∑
i αiFi → |
∑
i αiFi|] = 0 because O(E) is
trivial on |
∑
i αiFi|. Since βi > 0 for all i, the inclusion maps factor:
|
∑
i
αiFi| ∩ |E| →֒ |
∑
i
αiFi| →֒ |E|,
and then the push-forward maps also factor. 
3.5. Uniqueness of Distinguished Liftings.
Lemma 3.6. Let [Y → X] be a cycle inM(X), with Y irreducible, and consider two distinguished
liftings of it defined by the images of [D˜1 → |D˜1|] and [D˜2 → |D˜2|] inΩ∗(X)pi, where
g1 : W˜1 → Y × P1, D˜1 = g∗1(Y × {0}),
g2 : W˜2 → Y × P1, D˜2 = g∗2(Y × {0}).
Then the two distinguished liftings are equal inΩ∗(X)pi.
Proof. Wemay assume that the birational map W˜1 99K W˜2 is a morphism. (Otherwise find
a third variety W˜3 that maps to both of them.) It suffices to prove that the class [D˜1 → |D˜1|],
when pushed forward to |D˜2|, becomes equal to [D˜2 → |D˜2|].
Since the morphism W˜1 → W˜2 is proper and both varieties are quasi-projective, the
morphism is projective. By the weak factorization theorem [13, 1], we can factor the bi-
rational morphism W˜1 → W˜2 into a sequence of blowups and blowdowns along smooth
centers. Moreover, the factorization can be chosen so that if Zi+1 → Zi is one blowup of
C ⊂ Zi in this factorization, then the birational map gi : Zi 99K W˜2 is a projective mor-
phism, g∗i (D˜2) is an s.n.c. divisor on Zi, the center C lies in the support of the divisor
g∗i (D˜2) and intersects it normally.
Wemay thus assume that W˜1 → W˜2 is the blowup of W˜2 along a smooth center C ⊂ W˜2
that lies in the support of D˜2 and intersects it normally.
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Let V˜2 = W˜2 × P
1. Let V˜1 be the blowup of V˜2 along C × {0} ⊂ V˜2. Let f : V˜1 → P1 × P1
be the projection. Consider the divisors D = f∗(P1 × {0}) and E = f∗({0} × P1). Then
D+ E is an s.n.c. divisor. Moreover, D = D ′ + F, where F is the exceptional divisor of the
blowup, lying over (0, 0) ∈ P1×P1, andD ′ ∼= W˜1. SinceD
′ is smooth, having no common
component with E, and E|D ′ = D˜1, we get
[D ′ • E→ |D ′| ∩ |E|] = [D˜1 → |D˜1|].
Lemma 3.5 implies that, when pushed forward to |E|, this class becomes c˜1(O(D))[E→ |E|],
which itself is equal to [D˜2 → |D˜2|] pushed forward to |E| by a section s : |D˜2| → |E| of the
projection |E|→ |D˜2| . The two classes are equal when pushed forward to |D˜2|. 
The previous lemma proves that distinguished liftings are unique. We extend the lift-
ings of generators [Y → X] linearly to a group homomorphism d :M+(X)→ Ω∗(X)pi. The
distinguished lifting of the class pi∗[Y → X˜] ∈ M+(X) is the class pi∗[Y → X˜] ∈ Ω∗(X)pi,
hence the composition
M+(X˜)
pi∗−→M+(X) d−→ Ω∗(X)pi
is the canonical projection.
Remark 3.7. The proof of the lemma shows that, to define the distinguished lifting of
[Y → X], it is not necessary to require that W˜ is the blowup of Y × P1; we can allow
both blowups and blowdowns along centers lying over Y × {0}. More precisely, we need
a proper birational map g : W˜ 99K Y × P1 from a smooth quasi-projective variety W˜,
satisfying
(1) The map g is a regular isomorphism over Y × (P1r{0}).
(2) The composition with the second projection W˜ 99K Y × P1 → P1 is a morphism
whose fiber over 0 is a divisor D˜with s.n.c. on W˜.
(3) The rational map W˜ 99K Y × P1 → X× P1 extends to a projective morphism.
(4) The morphism D˜→ X factors through pi : X˜→ X on each component of D˜.
Then the image of the class [D˜ → |D˜|] in Ω∗(X)pi defines the distinguished lifting of [Y →
X].
3.6. Completion of the Proof of Proposition 3.1. It remains to prove that the distin-
guished lifting d : M+(X) → Ω∗(X)pi maps R(X) to zero. Consider a double point degen-
eration f :W → P1,W → X. LetW
∞
= f−1(∞) be a smooth fiber andW0 = f−1(0) = A∪B.
Recall that the double point relation is
[W
∞
→ X] − [A→ X] − [B→ X] + [PA∩B → X],
where PA∩B = P(OA∩B(A)⊕OA∩B). SinceR(X) is generated by the double point relations,
it suffices to prove that
d[W
∞
→ X] − d[A→ X] − d[B→ X] + d[PA∩B → X] = 0.
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Let V = W × P1. We blow up V along smooth centers lying overW × {0} that intersect
the pull-back ofW0 × P
1 +W
∞
× P1 +W × {0} normally. Let the result be V˜ , such that the
map from the inverse image ofW× {0} to X lifts to X˜ on every irreducible component. Let
g : V˜ →W × P1 → P1 × P1.
Define
E = g∗(P1 × {0}), D0 = g
∗({0}× P1), D
∞
= g∗({∞}× P1).
Let D ′0, D
′
∞
be the sums of components in D0, D∞ that do not map to (0, 0) or (∞, 0) in
P
1 × P1. ThenD ′
∞
is the blowup ofW
∞
× P1 along centers lying overW
∞
× {0}. Since D ′
∞
is smooth and has no component in common with E, it follows that [D ′
∞
• E→ |D ′
∞
| ∩ |E|]
is the divisor class of E|D ′
∞
, which gives the distinguished lifting of [W
∞
→ X].
Similarly,D ′0 is the blowup ofW0× P
1 = (A∪B)× P1 along centers lying overW0× {0}.
The divisorD ′0 is a unionA
′∪B ′ of two smooth divisors, the blowups ofA×P1 and B×P1.
The intersection of these divisors is a blowup of (A∩B)×P1. We claim that when pushed
forward, [D ′0 • E→ |D ′0| ∩ |E|] gives the class d[A→ X] + d[B→ X] − d[PA∩B → X].
Let A ′ = D1, B
′ = D2 and E =
∑
i>2 piDi. Then in the formula defining [D
′
0 • E →
|D ′0| ∩ |E|] we may take the sum over nonempty subsets J ⊂ {1, 2} and I ⊂ {3, . . . , r}. We
divide the formula into three pieces corresponding to J = {1}, J = {2}, J = {1, 2}:
[D ′0 • E→ |D ′0| ∩ |E|] =
∑
I
iI∪{1}∗ F
p3,...,pr
I (L
I∪{1}
3 , . . . , L
I∪{1}
r )(1DI∪{1})
+
∑
I
iI∪{2}∗ F
p3,...,pr
I (L
I∪{2}
3 , . . . , L
I∪{2}
r )(1DI∪{2})(3.2)
+
∑
I
iI∪{1,2}∗ F
1,1
{1,2}(L
I∪{1,2}
1 , L
I∪{1,2}
2 )F
p3,...,pr
I (L
I∪{1,2}
3 , . . . , L
I∪{1,2}
r )(1DI∪{1,2}).
Here we used that F1,1J = 1 if |J| = 1. In this triple sum, the first sum is the push-forward
of the class [E|A ′ → |E| ∩A ′], hence it gives the distinguished lifting of [A→ X]. Similarly,
the second sum gives the distinguished lifting of [B→ X].
In the remainder of the proof we show that the third sum in Equation (3.2) gives the
distinguished lifting of −[PA∩B → X]. This is sufficient to finish the proof. Indeed, when
pushed forward to |E|, by Lemma 3.5 the classes [D ′
∞
• E → |D ′
∞
| ∩ |E|] and [D ′0 • E →
|D ′0|∩ |E|] are equal to c˜1(O|E|(D∞))[E→ |E|] = c˜1(O|E|(D0))[E→ |E|]. Since in |E|→ X every
component lifts to X˜, the two classes are equal inΩ∗(X)pi.
Consider for each subset I ⊂ {3, . . . , r} the smooth divisors A ′|DI and B
′|DI on D
I, inter-
secting transversely along DI∪{1,2}. Define
PDI∪{1,2} = P(ODI∪{1,2}(A
′)⊕ODI∪{1,2}).
Using the same formula for I = ∅ defines PD{1,2} = PA ′∩B ′ . Then clearly
PDI∪{1,2} = PA ′∩B ′ ×A ′∩B ′ D
I∪{1,2}.
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LetD0 = A
′ + B ′ +C ′, where C ′ =
∑
i>2 ciDi is a divisor lying over (0, 0) ∈ P
1 × P1. Then
by Lemma 2.1,
(3.3) F1,1{1,2}(L
I∪{1,2}
1 , L
I∪{1,2}
2 )(1DI∪{1,2}) = −[PDI∪{1,2} → DI∪{1,2}] + βI,
where
βI =
∑
i,j≥0,l>0
bijl c˜1(ODI∪{1,2}(A
′))i c˜1(ODI∪{1,2}(B
′))j c˜1(ODI∪{1,2}(C
′))l(1DI∪{1,2}),
and the coefficients bijl ∈ L are independent of I.
Consider the morphism PA ′∩B ′ → A ′ ∩ B ′ → P1. The projective bundles PA ′∩B ′ and
PA∩B × P
1 are isomorphic over P1r{0}. Moreover, the induced birational map PA ′∩B ′ →
PA∩B×P
1 satisfies the conditions of Remark 3.7, hence PA ′∩B ′ can be used to define the dis-
tinguished lifting of [PA∩B → X]. This distinguished lifting (with minus sign) is obtained
by substituting (3.3) into the third sum of Equation (3.2) and setting all βI = 0:∑
I
iI∪{1,2}∗ F
p3,...,pr
I (L
I∪{1,2}
3 , . . . , L
I∪{1,2}
r )(−[PDI∪{1,2} → DI∪{1,2}]).
Now it suffices to prove that the sum of the terms in Equation (3.2) involving βI vanishes
when pushed forward to |E|. Then it also vanishes inΩ∗(X)pi.
We claim that there exists a class α ∈ Ω∗(|E|), such that for each I, the class βI pushed
forward to |E| is equal to (∏
i∈I
c˜1(O|E|(Di))
)
(α).
For this note that the first Chern class operators on Ω∗(|E|) commute in the following
sense. For each i, j > 2, when pushed forward to |E|, the classes
c˜1(ODj(Di))(1Dj) and c˜1(ODi(Dj))(1Di)
become equal. Now consider c˜1(ODI∪{1,2}(C
′))(1DI∪{1,2}). Using the formal group law, we
can express c˜1(ODI∪{1,2}(C
′)) using c˜1(ODI∪{1,2}(Di)) for i > 2 and by the commutativity
property, c˜1(ODI∪{1,2}(C
′))(1DI∪{1,2}) when pushed forward to |E| becomes equal to(∏
i∈I
c˜1(O|E|(Di))
)
(α ′)
for some α ′ ∈ Ω∗(|E|), which is independent of I. Now set
α =
∑
i,j≥0,l>0
bijl c˜1(O|E|(A
′))i c˜1(O|E|(B
′))j c˜1(O|E|(C
′))l−1(α ′).
Then clearly this α satisfies the required property.
The sum of terms in Equation (3.2) involving βI, when pushed forward to |E|, becomes
equal to
Fp3,...,pr(O|E|(D3), . . . ,O|E|(Dr))(α) = c˜1(O|E|(E))(α).
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Since O|E|(E) is trivial, this class vanishes. 
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